Abstract. For a Riemannian closed spin manifold and under some topological assumption (non-zero A-genus or enlargeability in the sense of Gromov-Lawson), we give an optimal upper bound for the infimum of the scalar curvature in terms of the first eigenvalue of the Laplacian. The main difficulty lies in the study of the odd-dimensional case. On the other hand, we study the equality case for the closed spin Riemannian manifolds with non-zero A-genus. This work improves an inequality which was first proved by K. Ono in 1988. (2000): 58J50, 35P15, 46L10, 58G11.
Introduction
In the sixties, by applying the index Theorem to the Dirac operator, A. Lichnerowicz [Lic63] found a striking topological obstruction to the existence of Riemannian metrics of positive scalar curvature on a closed spin manifold. Namely, if the A-genus is not zero, such metrics do not exist.
In spite of its beauty, this result was somewhat frustrating: it works in dimension 4k only, and does not give anything for such manifolds as tori, whose A-genus vanishes. The second breakthrough was made by M. Gromov and H.B. Lawson in the late seventies (see [GL80] ) who found an obstruction for enlargeable manifolds: In this paper we shall improve both statements (a) and (b) in Theorem 1.2 to optimal inequalities.
Theorem A. Let (M, g) be a closed Riemannian spin manifold of dimension n = 4k and ( M, g) be its universal covering. If
M satisfies A M [M] = 0, then inf scal(M, g) −4 n n − 1 λ 0 ( M, g).(1)
Theorem B. Let (M, g) be a closed Riemannian manifold of arbitrary dimension n and ( M, g) be its universal covering. If M is enlargeable, then the same inequality holds.
While K. Ono's proof is easily adapted in the even-dimensional case (we mainly use the refined Kato inequality [CGH00] instead of the classical one), the odd-dimensional case requires more work, to which is devoted the main part of this paper. We point out that, in the odd-dimensional case, K. Ono considered M × S 1 to bring the problem back to even dimension. But in our case, this method gives rise to the constant (n + 1)/n instead of n/(n − 1).
Since the bottom of the spectrum of the hyperbolic space equipped with the canonical metric is just (n − 1) 2 /4, the inequality (1) 
